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ASYMPTOTIC BEHAVIOR OF PALAIS-SMALE SEQUENCES 
ASSOCIATED WITH FRACTIONAL YAMABE TYPE EQUATIONS 


YI FANG AND MARIA DEL MAR GONZALEZ 


Abstract. In this paper, we analyze the asymptotic behavior of Palais-Smale sequences 
associated to fractional Yamabe type equations on an asymptotically hyperbolic Riemannian 
manifold. We prove that Palais-Smale sequences can be decomposed into the solution of the 
limit equation plus a finite number of bubbles, which are the rescaling of the fundamental 
solution for the fractional Yamabe equation on Euclidean space. We also verify the non¬ 
interfering fact for multi-bubbles. 

Keywords. Palais-Smale sequences, asymptotically hyperbolic Riemannian manifolds, frac¬ 
tional Yamabe type equations 


1. Introduction and statement of results 

Let II be a smooth bounded domain in R", n > 3. Fix a constant A, and consider the 
Dirichlet boundary value problem of the elliptic PDE 

j — Art — Au = u|it|in H, 

^ u = 0 on 511. 

The associated variational functional of the equation (HID in the Sobolev space Wq^’^(II) is 

^('“) = R / (|V-»p — Au^) dx — ^ dx. 

2 Jn 2n 

Suppose that the sequence {uajagN C tTQ’^(r2) satisfies the Palais-Smale condition, i.e. 

{E{ua)}aeti is uniformly bounded and DE{ua) —> 0, strongly in (Wq’^(II))', 

as a —>• - 1 - 00 , where (IFQ’^(n))' is the dual space of lUQ’^(n). In an elegant paper [TH], M. 
Struwe considered the asymptotic behavior of {uajcgN. In fact, in the WQ^’^(r2) norm, Ua can 
be approximated by the solution to (HD plus a finite number of bubbles, which are the rescaling 
of the non-trivial entire solution of 

4 

—Au = u|m|"^ in R" and u{x) ^ 0 as |a;| ^-Loo. 

One may pose the analogous problem on a manifold. Let be a smooth compact 

Riemannian manifold without boundary. Consider a sequence of elliptic PDEs like 

n + 2 

{Ea) — AgU + haU = , 
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where a € N and Ag denotes the Laplace-Beltrami operator of the metric g. Assume that ha 
satisfies that there exists C > 0 with \ha{x)\ < C for any a and any x G M; also ha -G hoo in 
L?{M) as a —>■ +oo. The limit equation is denoted by 


(Aqo) AgU haoU — ^ • 

The related variational functional for \Ea\ is 

^g(w) = ^/ Wu\ldvg + \ ( haU^dvg-\^ I \u\^dvg. 

Suppose that {ua > OjagN C also satisfies the Palais-Smale condition. O. Druet, 

E. Hebey and F. Robert 0 proved that, in the )-sense, Ua can be decomposed into 

the solution of (Eoo) plus a finite number of bubbles, which are the rescaling of the non-trivial 
solution of 

—Alt = in R”. 

Next, let {M^,g) be a compact Riemannian manifold with boundary dM. Recently, S. 
Almaraz [I] considered the following sequence of equations with nonlinear boundary value 
condition 


( 1 . 2 ) 


—AgU = 0 in M, 

d _n^ 

— ——It + halt = on dM, 

drig 


where a G N and rjg is the inward unit normal vector to dM. The associated energy functional 
for equation (EH) is 


K{u) = 


1 


\Vu\ldvg 


IM 


'dM 


2 j n - 2 f | 2("-i) , 

haU dag - — -— / M "-2 da. 

2{n - 1 JoM 


£0 


for It G H^{M) := {ii|Vii G L^(M),u G L^(dM)}. Here dvg and dag are the volume forms of 
M and dM, respectively. He also showed that a nonnegative Palais-Smale sequence {itajagN 
of {E^j agN converges, in the {M)-sense, to a solution of the limit equation (the equation 
replacing ha by hoc in (EH) pins a finite number of bubbles. 

Motivated by these facts and the original study of the fractional Yamabe problem by M.d.M. 
Gonzalez and J. Qing [8], in this paper we shall be interested in the asymptotic behavior of 
nonnegative Palais-Smale sequences associated with the fractional Yamabe equation on an 
asymptotically hyperbolic Riemannian manifold. 

Let (Y"'+^,g+), n > 3, be a smooth Riemannian manifold with smooth boundary = 

M". A function p„ is called a defining function of the boundary M” in if it satisfies 


p* > 0 in p* = 0 on M", dp* ^ 0 on M". 


We say that a metric g'^ is conformally compact if there exists a defining function p, such that 
(A”+^,p*) is compact for p* = p^p'*'. This induces a conformal class of metrics h = p*|m" 
when defining functions vary. The conformal manifold (M", [/i]) is called the conformal infinity 
of (A”+^,p+). A metric p'*' is said to be asymptotically hyperbolic if it is conformally compact 
and the sectional curvature approaches —1 at infinity. It is easy to check then that |dp*|^ = 1 
on M". 

Using the meromorphic family of scattering operators S{s) introduced by C.R. Graham 
and M. Zworski EH], we will define the so-called fractional order scalar curvature. Given 
an asymptotically hyperbolic Riemannian manifold (A"'“'"^,p"*") and a representative h of the 
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conformal infinity (M”, [h]), there is a unique geodesic defining function p* such that, in M” x 
(0,(S) in for small <5, has the normal form 

9^ = {dpi +hp,) 

where hp^ is a one parameter family of metric on M” such that 

hp,=h + h^^'^p, + 0{pl). 

It is well-known m that, given / € C°°(M"), and s G C, Re{s) > nj^ and s{n — s) is not an 
eigenvalue for —Ag+, then the generalized eigenvalue problem 

(1.3) — Ag+u — s{n — s)u = 0 in 

has a solution of the form 

u = Fip,r-^+Gip,y, F,GgC°°(X”+'), F|p.=o = /. 

The scattering operator on M” is then defined as 


5(s)/ = G|m". 

Now we consider the normalized scattering operators 
P^[g+,h] = djS (I + 7 ) , 


Pi _ 027 r( 7 ) 

r(-7)- 


Note Pj [g ~^, /i] is a pseudo-differential operator whose principal symbol is equal to the one of 
{—Af^y. Moreover, Pj[g'^,h] is conformally covariant, i.e. for any (p,w G C°°(X"+^) and 
w > 0 , it holds 

(1.4) Pyg~^, h]{(p) = w~ Pyg~^, h]{wip). 

Thus we shall call P.y[g~^, h] the conformal fractional Laplacian for any 7 G (0,n/2) such that 
n^/4 — 7 ^ is not an eigenvalue for — Ag+. 

The fractional scalar curvature associated to the operator Pj [p+, h] is defined as 

Q'^ = pyg+M^)- 

The scattering operator has a pole at the integer values 7 . However, in such cases the residue 
may be calculated and, in particular, when g~^ is Poincare-Einstein metric, for 7=1 we have 


Pi[g~^jh] — -A^ -I- 


' 4(n- 1) ^ 

is exactly the so-called conformal Laplacian, and 


Q"i = 


4(n — 1) 


Here is the scalar curvature of the metric h. 

For 7 = 2, P 2 [g~^, h] is precisely the Paneitz operator and its associated curvature is known 
as Q-curvature m- In general, Pk[g'^,h] for fc G N are precisely the conformal powers of the 
Laplacian studied in [5]. 

We consider the conformal change h for some w > 0, then by (na), we have 

h]{w) = in (M”, h). 

If for this conformal change Qi)” is a constant Cj on M", this problem reduces to 


(1.5) 


Pj[g^ ,^{ 111 ) = in(M",h), 
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which is the so-called the fractional Yamabe equation or the 7 -Yamabe equation studied in [ 8 ] . 

From now on, we always suppose that 7 G (0,1) throughout the paper, and such that 
n^/4 — 7 ^ is not an eigenvalue for — Ag+. 

It is well known that the above fractional Yamabe equation may be rewritten as a degenerate 
elliptic Dirichlet-to-Neumann boundary problem. For that, we first recall some results obtained 
by S.A. Chang and M.d.M. Gonzalez in [3]. Suppose that u* solves 

—Ag+u* — s{n — s)u* = 0 in 

lim = 1 on M". 

Proposition 1.1. [H [ 8 ] Let f G C°°{M). Assume that u,u* are solutions to ()1.3|) and (ll. 6 p . 
respectively. Then p = is a geodesic defining function. Moreover, u = uju* = p^~'^u 

solves 

-div(p^" 2 '^Vu) = 0 in 

u = f on M", 

with respect to the metric g = p^g~^ and u is the unique minimizer of the energy functional 

I{v) = ( p^-‘^^\Vv\ldvg 

among all the extensions v G (see Definition \ 2.1\} satisfying v |m" = /■ 

Moreover, 

near the conformal infinity and 

P^[g+,h]{f) = -d; ]im + Q\f, d; = -^> 0, 

provided that Tr^ h^^'> = 0 when 7 G (1/2,1). Here pIm" = h, and has asymptotic expansion 

g = dp^[l + 0{p^^)] + h[l + 0{p^'^)]. 

We fix 7 G (0,1). By Proposition ll.il one can rewrite the Yamabe equation (11.51) into the 
following problem: 

- div(pi- 2 ^Vu) = 0 in (Y”+\ g), 
u = w on (M", h), 
d*\imp^-^"fdpU + Q'^w = C.yW^ on(M",h). 

In this paper we consider the positive curvature case > 0. Without loss of generality, we 
assume = d*. 

In the particular case 7 = 1/2, one may check that (II. 8 p reduces to (11.21) . which was consid¬ 
ered in [ 1 ] . The main difficulty we encounter here is the presence of the weight that makes the 
extension equation only degenerate elliptic. 
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Next, we introduce the so-called 7 -Yamabe constant (c.f. HI). For the defining function p 
mentioned above, we set 


l-y [li, - 2 5 

then the 7 -Yamabe constant is defined as 

(1.9) A^(M, [h]) = inf{/^[u,g] : u G 


It was shown in [ 8 ] that in the positive curvature case > 0 we must have A-y{M, [h]) > 0. 

Now we take a perturbation of the linear term Qljia to a general —d*Q2iW, where G 
C°“(M"), a G N. Suppose that for any a G N and any x G M", there exists a constant C > 0 
such that \Q2,{x)\ < C. And we also assume that Q1, —> QZo in L'^{M'^,h) as a —> -boo. We 
will consider a family of equations 


( 1 . 10 ) 


- div(pi-27Vu) = 0 


— lim p^ '^~^dpU + Q^w = w 


a + 27 

a -27 


p —)-0 


in (X"+i, 9 ), 
on (M”,/i), 
on {M^,h). 


The associated variational functional to (11.101) is 


( 1 . 11 ) 


4"’ 


\u) = 


/X"+i 


J^-^^\Xu\ldVg 


d^h - 


n — 2"f f 2 n 


' M" 


2n 


IM” 


u\dof^. 


Hyperbolic space (11"+^, gn) is the first example of a conformally compact Einstein manifold. 
As (IHI"+^, 5 h) can be characterized as the upper half-space endowed with metric g'^ = 

y~'^{\dx\^ -b dy^), where x G R", y G M+, then the Dirichlet-to-Neumann problem (II. 8 p reduces 
to 

- div(yi- 2 T'Vu) = 0 in (R^^ \dx\^ + dy^), 
u = w on (R", |dxp), 

— lim y^~^'^dyU = on(R",|dxp). 

y-J-O 

And the variational functional to (jl.l 2 |) is defined as 



E{u) = \- [ y^ '^'*\Vu{x,y)fdxdy - ” [ \u{x,0)\--"^^ dx. 

2 Jr"+i 2n 

Up to multiplicative constants, the only solution to problem (I1.12|) is given by the standard 

n —27 

_^ 

\x — op -b / 

for some a G R” and A > 0 (c.f. MM)- By L. Caffarelli and L. Silvestre’s Poisson formula 
[ 2 , the corresponding extension can be expressed as 



(1.13) 


Ua{x,y) = 


r/27 


(|a;-^|2-by2)(n-H27)/2 




Here is called a “bubble”. Note that all of them have constant energy. Indeed: 
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Remark 1.2. For any a G MF and X > 0^ we have 

E{U^) = E{Ul) = ^ / WlixM^dx. 

Now we give some notations which will be used in the following. In the half space = 

{{x,y) = (x^, • • • , x”, y) £ ]R”+^ : j/ > 0 } we define, for r > 0 , 

B+(zo) = {z& : |2 - zol < r, zo e R++^}, 

Dr(xo) = {x G K” : |x — Xo| < r, xq G R"}, 

d'Btiz^) = B+(zo) n K", 5+B+(zo) = 3-8 +(zq) n R!^+\ 

Fix 7 G (0,1). Suppose that {X, (/+) is an asymptotically hyperbolic manifold with boundary 
M satisfying, in addition, Tr;^ = 0 when 7 G (1/2,1). Let p be the special defining function 
given in Proposition 11.11 and set g = p'^g^, h = g\M- We also define 

<B+(zo) = {z e X : dg{z,zo) < r, zq € X}, 

Z)r(xo) = {x G M : d^(x,xo) < r ,xq G M}, 

Now, modulo the definitions of the weighted Sobolev space W^'^(X, and of a Palais- 

Smale sequence (see section 2), the main result of this paper is the following fractional type 
blow up analysis theorem: 


Theorem 1.3. Let {ua > OjagN C W^’‘^{X,p^ be a Palais-Smale sequence for {JJ>“}Q,gN- 
Then there exist an integer m > 1, sequences > OjagN and {x^jagN C M forj = 1, • • • ,m, 

also a nonnegative solution it® G W^'‘^{X, to equation (12.4[) and nontrivial nonnegative 

functions Uaf G VF^’^(K"+^, for some Xj > 0 and Oj G R" as given in (11.131) . satisfying, 
up to a subsequence, 

( 1 ) pi, ^ 0 as a ^ + 00 , for j = 1 , • • • , m; 

( 2 ) {<} agN converges on XI as a ^ +c», for j = 1, • • • , m; 

(3) As a ^ + 00 , 

m 

||m„ - It® - ^?7a«illwi.2(x,pi-2l) 0, 

i=i 


where 

<(^) = (Aia)"^C^a/((Ma)”V//(2)) 

for z G ip„,j (i3+(0)), and are Fermi coordinates centered at xf, & M with xq > 0 
small, and pi, are cutoff functions such that 

pi = l in (B+ (0)) and pi=0 in X \ (B+^ (0)); 


(4) The energies 

/;’“(it„)-J-(ii®)-m-F(t/„^)^0 

as a ^ +c»; 

(5) For any 1 < i, j < m, i j. 


Pa t^a TXd-a 


—>■ +CXD, 


as a ^ + 00 . 


Remark 1.4. 

(ii) If Ua -)■ It® 


(i) We call pi,ui, a bubble for j = 1, • • • , m. 

strongly in 1F^’^(X, as a ^ + 00 , then we must have m = 0 here. 
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Although the local case 7 = 1 is well known ( 15 ],[I 8 ]), the most interesting point in the 
fractional case is the fact that one still has an energy decomposition into bubbles, and that 
these bubbles are non-interfering, which is surprising since our operator is non-local. And in 
the setting of Euclidean fractional Sobolev space, the similar global compactness results were 
established in [16],[17] and [19]. 

This paper is organized as follows: In section 2, we will first recall the definition of weighted 
Sobolev spaces and Palais-Smale sequences. Then we shall derive a criterion for the strong 
convergence of a given Palais-Smale sequence. At last, e-regularity estimates will be established. 
In section 3, we shall extract the first bubble from the Palais-Smale sequence which is not 
strongly convergent. In section 4, we will give the proof of Theorem ll.3l Finally, some regularity 
estimates of the degenerate elliptic PDE are given as Appendix in Section 5. 


2. Preliminary Results 


Most of the arguments in this section are analogous to the results in [5] (Chapter 3). For 
the convenience of reader, we also prove these lemmas with the necessary modifications. 

From now on we use 2* = 2n/(n — 27),7 € (0,1) for simplicity and always assume that 
Palais-Smale sequences are all nonnegative. Moreover, the notation o(l) will be taken with 
respect to to the limit a —> -l-oo. 


Definition 2.1. The weighted Sobolev space 1F^’^(A, is defined as the closure ofC°°{X) 

with norm 

( 2 . 1 ) dvg + u^daf}j 

where dVg is the volume form of the asymptotically hyperbolic Riemannian manifold {X, g) and 
daf^ is the volume form of the conformal infinity (M, [h]). 


Proposition 2.2. The norm defined above is equivalent to the following traditional norm 

(2.2) ll«llwL2(x.p-2,) = p'-"^(|Vu|2 + U^) dvg'^ ' . 


On one hand, || • || can be controlled by || • ||*. This is a easy consequence of the following 
two propositions. The first one is a trace Sobolev embedding on Euclidean space. 


Proposition 2.3. [12] For any u G C“(K"^^) we have 


where 


f |M(a:,0)p*da:^ < S{n,-f) [ '^'^\\/u{x,y)\'^dxdy 

.JR" / ./R^+i 


S'(n, 7 ) 


1 r( 7 ) r(ii^) / r(n) 

27r'rr(l-7)r(nf2) 'vr(n/2)y' 


Using a standard partition of unity argument one obtains a weighted trace Sobolev inequality 
on an asymptotically hyperbolic manifold: 


Proposition 2.4. [H] For any e > 0, there exists a constant Cg > 0 such that 



< ( 5 (n, 7 ) -he) / 


-^^\Vu\ldvg 


a 




Jx 


fX 


dVg. 






On the other hand, || • ||* can be controlled by || • ||, which is implied by the following 
proposition. 

Proposition 2.5. For any u S {X, , there exists a constant C > 0 such that 

f dvg < C ( f p^~'^'^\Vu\'^gdvg + [ V? d(Tj\ . 

Jx \Jx Jm J 

Proof. We use a contradiction argument. Thus, assume that for any a > 1 there exists Ua 
satisfying 

/ P^~^^uldvg>a( [ p^-'^'^\Xua\ldvg+ f uldaA . 

JX \JX JM / 

Without loss of generality, we can assume that dvg = 1. Then we have 

J ^^(|VMo,|g + Ma) dUg < 1 + —. 

Then there exists a weakly convergent subsequence, also denoted by {ua}, such that Ua wo 
in Wi’ 2 (X,pi- 27 ,||.||*). 

Since 

lim / p^~^^\Xua\'idvg = 0 and lim / = 0, 


then we get that uq = 0. On the other hand, via the following Proposition 12.61 the embeddig 
II • II*) ^ L‘^{X, is compact. So we have 


P 


^ dVg = 1 


lx 


which contradicts the fact that uq = 0. Then the proof is completed. 


□ 


Proposition 2.6. [T2l fTSl l4] Let \ < p < q < oo with ^ p ~ g' 

(i) Suppose 2 —< p. Tdew || • ||*) is compactly embedded in L^{X, p^~‘^'^) 

*/ 

2-27 1 1 . 

p(n + 2 — 27 ) p q’ 

(ii) Suppose 2 —2j > p. ThenW^'P{X^p^~'^'i,\\-\\*) is compactly embedded in L^{X, p^~‘^'^) 
if and only if 

1 1 1 

(n + 2 — 27 ) p q 

We will always use the norm in p^~‘^^) in the following unless otherwise stated. 

Definition 2.7. is the closure ofC§°{X) in with the norm 

Now we define Palais-Smale sequences for the functional (11.1111 precisely. 

Definition 2.8. {wajaeN C W^’‘^{X, is called a Palais-Smale sequence for {/J’“}QgN 

*/•■ 


(i) is uniformly bounded; and 
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(ii) as a ^ +oo, 

DI^’°‘{ua) 0 strongly in , 

where we have defined as the dual space of W^’'^(X, p'^~^~^), i.e. for 

any (f € W^’‘^{X, p^-^^), then 


foo\ DI^’°‘{ua) ■ (/)= [ p^ '^'<{Xua„V4>)gdvg+ [ Qluacj) da~^ - f ui 

(/■oj Jx Jm Jm 

“®(ll‘/^llvFi’ 2 (x,pi- 27 )) as a —>■+ 00 . 

The main properties of Palais-Smale sequences are contained in the next several lemmas: 

Lemma 2.9. Let {uajaeN C W^’‘^{X, p^~'^~^) be a Palais-Smale sequence for the functionals 
{I]'°‘}a&N, then {itajaeN is uniformly bounded in 1T^’^(X, 

Proof. We can take cf = Ua & W^’^{X, p^~^'^) as a test function in (ii) of Definition 12.81 then 
we get 


/ p^ ^'*\Vua\ldvg+ Qluldaf^= dcr^ + o(||'u„||ivi.2(x.pi-27)), 

Jx Jm Jm 

which yields that 

= l + i / Qlulda-^-^ f ul* da-^ 

^ Jx ^Jm ^ Jm 


- 

n Jm 


+0(||'aa||lVi,2(x.pi-27)). 


Since {/J’“(ita)}QeN is uniformly bounded by (i) of Definition [23 there exists a constant C > 0 
such that 


/M 


d<Jf^ < C + o{ 


^a||W1.2(X,pl"27 


))> 


which by Holder’s inequality yields 


< C < C' + o(||n„||^?.2(x_pl-27))■ 

Note that since \Q'f \ < C for some constant C > 0, we can choose sufficiently large Ci > 0 
such that Cl + > 1 on M. It follows 


^l,2(x,pl-27) — 


1 uldaf^ 

M 


< 

[ p^~‘^'^\VUa\ldVg + 1 

^ Qlulda-^ + Ci 

/ ulda-f^ 


Jx J 

M 

J M 

< 

/ dOf^P 0{\\Ua\\w^ 

Jm 

•2(X,pl-2T)) + C + 

o{\\Ua\\%l,2 


C: C + o{\\Ua\\w^’^{X,p^~'^'y)) + o(||'Wa||^l,2(J5f pl-27))- 


which concludes that {uajagN is uniformly bounded in W^''^{X,p^ since 2/2* < 1. The 
proof is hnished. □ 

Remark 2.10. From Lemma \2. ffl it is easy to see that there exists a function in W^’^(X, p^~‘^^) 
such that Ua weakly in W^'‘^{X, p^~‘^^) as a ^ +cxd. 

Proposition 2.11. u'’ > 0 in X. 
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Proof. Using Proposition 12.41 we can easily get that Ua —t in L^{AI,h) as a +oo, so 

furthermore we have Ua —t almost everywhere on AI. Noting that Uq > 0 on AI, then we 
obtain that > 0 on AI. On the other hand, by Proposition 12.61 and the equivalence of the 
norms || • || and || • ||*, we have Ua —t vP in Lf{X, as a ^ +oo. For any z € X, take < 

dist( 2 ;,M), then we also have Ua —t in (z), Since is bounded below by 

a positive constant in * 8 ^^ {z), we get Ua —t almost everywhere in * 8 ^^ {z) up to passing to a 
subsequence. Noting that Ua > 0 in X, we obtain > 0 in * 8 j|^( 2 ). Since z is arbitrary in X, 
then > 0 in X. Combining the above arguments, we conclude that it > 0 in X. □ 

Next we define the two limit functionals 

= ^ [ P^~'^"^Nu\ldvg-f |Mp*dcr^ 

and 

= ^ [ p^-^'^\Vu\ldvg + ^ [ Q2oU^daf^-^f \uf da-^. 

We have the following lemma: 

Lemma 2.12. Let {ita}agN C he a Palais-Smale sequence for 

and Ua 11 ° weakly in as a ^ +oo. We also denote Ua = iIq — it° S 

Wi’2(X,pi-2T'). Then 

(i) it° is a nonnegative weak solution to the limit equation 

( — div{p^~^'^Xu) = 0 in X, 

I — lim 

[_ p-s-O 

(ii) I^’°‘{ua) = I'^iua) + /J’~(it°) + o(l) as a ^ +oo; 

(hi) {italaGN *s 0 , Palais-Smalc sequence for . 

Proof, (i) As C°°{X) is dense in we only consider the proof in C°^{X). Let 

(f S C°°{X). Since Q2c, in L^(Af, h) as a —>■ +oo and Ua it° weakly in 1U^’^(A, p^”^'’') 

as a —>■ + 00 , then 

[ QaUa4>dcr~^= [ Q2aU°4’d(Jj^+ 0{1). 

JM JM 

Passing to the limit in (12.31) . we get easily that 

[ p^-'^^{yu°,X(l))gdvg+ [ Ql,u°(l)daf^= [ {u°f^-^cj)da-^, 

JX JM JM 

i.e. 11 ° is a weak solution to the limit equation (12.41) . 

For the proof of (ii), recall that 

/ Q>ld(Tf^= f daf^+o{l), 

JM JM 


Ig'°‘M = x [ '^'^\'^Ua\ldvg + ^ f QZulda-^-^ f ul‘da-f^, 

^ JX ^ JM ^ JM 

/J'°°(u°) = i/ p1-27|VmO|2^^^ 1 / _ 1 ^ {u°f'd(J-^, 

^ JX ^ JM ^ JM 

(Mc) = ^ / P^~'^^\'^Ua\ldVg-^ [ \Uaf daj^, 

J X J ZM 


and 
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where Ua = Ua — ■ Then 

= / P^~^'’{'^U°,VUa)gdVg - ^ f <^ad<Jf^+o{l), 
Jx ^ Jm 


where $a = \ua + u°P — |uo 
a —>■ +CX), thus 


— |u°p*. Note that Ua ^ 0 weakly in W^''^{X,p^ as 


/ ^'^{Vu^,Vua}g dvg—>■ 0, as a —>■ cxD. 

Jx 


lx 

On the other hand, it is easy to check that there exists a constant C > 0, independent of a, 
such that 

|Ma+M°P -|MaP -|u°P < O' ^ I + l^a |) • 

As a consequence, since Ua ^ 0 weakly in {M, h) by Proposition 12.41 we have 


/ |$a| —>• 0, as a —>■+ 00 . 

Jm 


The proof of (ii) is completed. 


(iii) For any (p G C°^(X), by (i) we have 

DI]’°°{u°) -0 = 0. 

Since, in addition, 

/ Qluapda-^= Q2oU°(lidaf^+o{\\(p\\wi.2{x,p^-^-i)), 

JM JM 

then 

(2.5) DI^’°{ua) ■ p = DI^{ua) ■ p - [ + o(||(()||ivl,2(jc_pl-2^)), 

Jm 

where = |mq+u°P “^(uq,+m°) — |uaP ~‘^Ua — \u^\‘^ and it is easy to check that there 

exits a constant C > 0 independent of a such that 

l^al < O (|Ua|2*-2|uO| + \u^\\uY~^) ■ 

By Holder’s inequality and the fact Ua ^ 0 weakly in W^'^{X, as a ^ +oo, we have 


/ 'ioLpdoj^ 

Jm 

— ^Ill'^al I'll I II ^2*/(2*-l)(^) T II I'^a llu I IIl2*/(2*-i)(^)^ II‘(’IIl2* 

Thus from (1^ . 

DPY{ua) ■ p = DPgiucJ) ■ p + o(1)||())||l2-(m), 

which implies that Dl^i'da) —?► 0 in W^’'^{X, p^~P)' as a —>■ +oo, since {itajaeN is a Palais- 
Smale sequence for {I^’°‘}aeN- 

Finally, from (ii), we know that {uajaeN is a Palais-Smale sequence for /J. This completes 
the proof of the lemma. □ 


Now we give a criterion for strong convergence of Palais-Smale sequences. First, 
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Lemma 2.13. Let {uajaGN be a Palais-Smale sequence for and such that Ua ^ 0 weakly 
in as a ^ +oo. If I'^{ua) —>■ /3 and 

( 2 . 6 ) /3</3o = ^(d;)"^A^(M,[/i])^, 

then Ua ^ 0 in as a ^ +oo. 

Proof. Bv Lemma l2.9l ('here (52 =0), there exists a constant (7 > 0 such that \\ua\\w^’'^(x,p^-'^i) < 
C for all a G N, so 

Dl^iUa) ■ Ua.= [ p^~‘^^\yUa\ldVg - [ \Uaf daf^ 

Jx JM 

= o(ll«a|liyi.2(x,pi-27)) = o(l). 

Then note that I^iua) —>■ /3 as a —>■ +oo, we have 
/3 + 0 (l) = I2{Ua) 

= l [ ^ / Kfda;^ 

J X t/ Ad 

= - f p^-^"^\XUa.\ldVg+oil) 
n- Jx 

= l f \ucfdaf^ + oil). 

^ JM 

On the other hand, it was shown in [ 8 ] that in the positive curvature case, then the 7 -Yamabe 
constant must be positive: Aj{M, [h]) > 0. Moreover, by definition, 

(2.8) A^(M,[h])f/ \u^fda-X < d; [ p^-^'>\Vuo.\ldvg+ [ Q^^ulda-^. 

\Jm J Jx JM 

where d* > 0. We also know that \Q^\ < C on M". Note that Ua ^ 0 in {M, h) as a —)> +00 
by Proposition l2.41 then daj^ —0 as a —>■ +00 since the embedding (M, h) C L'^{M, h) 

is compact. So we get from ( 12 .7p and ( 12 . 8 p that 

+ 0(1)) "" < d;A^(M, [h ])-'^/3 + 0(1). 

Taking a —>■ + 00 , we must have /3 = 0 because of our initial condition (12.611 . The Lemma is 
proved. □ 

Note that the Palais-Smale condition (ii) is the weak form of a Dirichlet-to-Neumann problem 
for a degenerate elliptic PDE. In fact, as DI^{ua) —?> 0 in W^’‘^{X, p^~'^J)', it follows that, for 
any V'GIP^’^(X, 

(2.9) / p^~‘^'^{XUa,Vlp)gdVg - = 0(l)||^||vi/i,2(Js:,pi-27). 

Jx JM 

_ _ 2 

In particular, for any xp £W ’ (X, then 

J P V'0)g dVg = 0 ( 1 ) , 

which is is precisely the weak formulation for the asymptotic equation 

( 2 . 10 ) -div(p^" 2 '^Vua) = 0 ( 1 ) inW 
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Multiplying both sides of ()2.10|1 hy i/j G W^’^{X,p^ and integrating by parts, we obtain 
that 

/ lim p^~'^'^dpUatpda-^+ = o(l)||i/^||vKi.2(x,pi-27), 

Jmp^° Jx 

which combined with (12.911 yields that 

/ \im p^~'^'^dpUa'tlJ daf^+ \ua\'^ ~'^Uai’da-^ = o{l)\\'ip\\wi,^{x,p^-^-'), 

J M JM 

and this is precisely the boundary equation in the weak sense 


( 2 . 11 ) 


— lim p^ ^"^dpiia = 


p —)-0 


+ o(l) on M. 


For the above equations (12.101) and (12.111) for {uajaeNi we have the following energy estimate, 
which will plays an important role in the proof of the strong convergence in the next section. 
We use the notation instead of (0) for convenience. 

Lemma 2.14. (e-regularity estimates) Suppose that {najaeN satisfies the following asymptotic 
boundary value problem 

— diY{p^~^^S/Va) = o{l) in X, 

^Va + o(l) on M. 


( 2 . 12 ) 


- lim p^ '^'^dpVa = 

p —>0 


If there exists small e > 0 depending on n,y such that fg,<^+ I'l'ctP dtr^ < e uniformly in a for 
some small r > 0, then 

[ p^~'^^\Xva\ldvg <^ [ p^~'^'^vldvg-lC [ vldaf^-Io{l) [ \va\dvg, 

J'st P d<B+^ 

where C = C(n,e,"f) independent of a. 

Proof. Let be a smooth cutoff function in X such that 0<r7<l,?7 = lin 18+ and r] = 0 
in X \ ^ 2 r- we also have \Vp\ < Cjr in 18^^ \ 25+. Multiplying both sides of the hrst 

equation in (12.121) by rfiva^ integrating by parts and substituting the second equation in (I2.12L 
we get 

[ P^~^^{yVa,y{p‘^Va))gdVg 

= - \im p^~'^'^{dpVc)ri'^Va da? o{l) / rfivadvg 




dtTl, + o(l) / rfvadvg, 




so we have 


f p^ ^'^r]^\XVa\ldVg = - f p^ ^'^2pva{yva,yp)gdv, 

^<3+ J3t 


+ / daf^-Io{l) / fi^VadVg 


ld'3l, 




< 


\ [ ^'^\Vva\ldvg + 2 f p^ ^'^iXpllvldvg 

+ / p'^\va\^’ daf^ +o{l) / 

Jd'3p J3p 
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which implies that 

/ P^~^'^V^Nva\ldvg<A f p^-^'^\VT]\lvldvg + 2 f daf^ 

d'Sir 

+ 0(1) / p'^\Va\dVg 

[ p^~'^'^vldVg + 2 [ ipVaf\Va\‘^ 

+ o(l) / p‘^\Vc\dVg. 

By Holder’s inequality and our initial hypothesis we have 

\pvaf daA { [ 




[pVa) |n„| duf^ < 


/a'B5 


/a'B? 


\vcf da-^ 


2 * -2 

< 




\pva\^ daf^ 


Then it follows from above that 


/ ‘^'^\^{r]Va)\ldVg<2 j p^ ‘^^{\Vp\lvl+p^\Vva\l)dVg 


C f 


p^-^'^vl dvg + Ce^ 


/a'<B5 


\pva\^ da-^ 


+ o(l) / p'^\Va\dVg. 

“'st 

The trace Sobolev inequality on our manifold setting fProDOsition l2.4l) gives that 

2 

if daA <C [ p^-^'^\V{pVa)\ldvg + C [ {pv^f da-^. 


Therefore we obtain 


C 


p^ '^'^\V{pvc)\ldvg <— I p^ '^^vldvg+Ce^ / p^ '^^\V[pva)\ldvg 








Ce 


{pVafdaf^ + o{l)[ 
J'l 


dcTf^ + o(l) / P \Va\dVg. 


J'Sl 

2 * —2 

Now we fix r > 0 small such that e small enough satisfying < 1/2. Then we get 


f ^'^|Vn„|gdng < / p^ ‘^'^vldvg + C f vldaj^ + o{l)f \ 

^ da'Qs+ j®+ 


Ua| dug. 


This completes the proof of the lemma. 


□ 
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3. The First Bubble Argument 

In this section, we focus on the blow up analysis of a Palais-Smale sequence which is not 
strongly convergent. In particular, using the er-regularity estimates fLemma l2.14l) . we can figure 
out the first bubble. We will also show that the Palais-Smale sequence obtained by subtracting 
a bubble is also Palais-Smale sequence and that the energy is splitting. 

Lemma 3.1. Let {ua}aGN be a Palais-Smale sequence for If such that Ua ^ 0 weakly in 
but not strongly as a ^ -l-oo. Then there exist a sequence of real numbers 
{pa > OjagN; /ia —> 0 as a —>■ -|-oo, a converging sequence of points {cCajagN C M and a 
nontrivial solution u to the equation 


r —dw{y^ ^^Vu) = 0 in 

I — dyU = \u\^ ~^u on M", 

such that, up to a subsequence, if we take 

n-2-Y 

Va{z)=Ua{z)-r]a{z)pa " u{p~^ {z)) , ^ ( 0 ) ) 

where vq, rja and ipxo, o.re as same as in the Theorem \1.!A then we have the following three 
conclusions 

(i) Da ^ 0 weakly in IT^’^(A, as a —>■ -boo; 

(ii) {DajaGN *5 aZso a Palais-Smale sequence for If ; 

(hi) If {Va) = If (Ua) — E{u) -b o(I) OS o —>■ -boo. 

Proof. Without loss of generality, we assume that Ua S C°°{X). By the proof of Lemma [2. 131 

If(Ua) = - [ p^“^^|VUa|g dUg -b 0(1) = - f |Ua|^ dCT;^-bo(l). 
n Jx nJ m 

Note that {DalaGN is uniformly bounded in W^’^{X, by Lemma [2.91 so there exist a 

subsequence, also denoted by {uajagN and a nonnegative constant /3, such that 


If (ua) = /3 + o(l), as a —>■ -boo. 

Since Ua ^ 0 weakly in W^’^(X, p^~^'^) but not strongly as a —>■ -boo, by Lemma 12 .1 31 again 
we get 


lim 

a—>-+oo 


= 


> 


IM 1 

We will decompose the rest of the proof into several steps: 



Step 1. Pick up the likely blow up points. First we show the following claim. 


Claim 1. For any to > 0 small, there exist xq G M and eg > 0 such that, up to a subsequence 

I Inal ^ Sq- 

JTltg (xo) 

Proof. If the Claim is not true, there exists t > 0 small, such that for any x G M it holds 





a —>■ -boo. 
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On the other hand, since {M,h) is compact and M C UxeM^tix), there exists an integer 
N{> 1) such that M C Thus 


/ 

Jm 


N 




i=l 




0 , 


+ 00 , 


which is a contradiction. 


□ 


For t > 0, we set 


U!a{t) = max / 

Jvt{x) 


u„\- 


Then by Claim 1, there exists Xa & M such that 

uJa{to) = [ |uap da-f^ > ero. 

Note that 


I'Stoixc) 


/St(Xc) 


daf^ —t 0, as t —i> 0. 


Hence for any e G (0,£ro), there exists ta G (0,to) such that 


(3.2) ^^h- 

J Stc (Xa) 

Step 2. At each likely blow up point, we will establish weak convergence of a Palais-Smale 
sequence after properly rescaling. 

For rp > 0 small, consider the Fermi coordinates at the likely blow up point G M, 
(pxc ■ ^ 2 roW Here we restrict rp to rp < ig{X)l2, where ig{X) is the injectivity radius 

of X. Then for any 0 < /!„ < 1, we define 

rt-27 

Uaiz)=Ha^ Uaiifx^ifJ^aZ)), ga{z) = {(pl^g){^XaZ), ha{x) = {(pl^h){g,aX), 

if z G (0) and x G D -i (0). 

Given zq G and r > 0 such that \zo\ +r < fJ-a^XQ, we have 

/ pi-^^\yU^\ldVg^= [ P^-^^\yU^\ldVg 

dB+{zo) JvxXlXc.B+{zo)) 


where 

Pai^) = Pa^Pi^Px^iPaZ)) 

and \dpa\g^ = 1 on 9'i?+(2p) since \dp\g = 1 on M. 

On the other hand, if Zq G K”, and IzqI +r < Pa^rg, then 


' Dr ( 2^0 ) 




'vxc (lJ-aDr{zo)) 


\ua\‘^ daj^ 


< 


L 


P dai. 




Here we have used that p>xc{paDr{zg)) = ipx^{Dfj^^riPaZo)), and that for \x\ < rp, jyl < rp, 
x,y G R”, we have l/2|x - y\ < dg{px^{x),ipxc{y)) < 2|x - y\. 
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Next, take r G (0,ro) and choose to in Claim 1 such that 0 < to < 2r. For any e G (0,eo), 
e: to be determined later, and ta G (0,to), let 0 < = ^r~^ta < ^r~^to < 1, then by the 

definition of e from (13.2L if |zo| +r < we have 


(3.3) 


ld'B+{zo) 


daf^ < e. 


Note that = Dt^ixa), we have 


e = 


dui, = 




rXict ( 0 )) 


\u„\ da-f^ 


\ua\ da~^ = 


^ 2 r( 0 ) 


da-y^^. 


■tVxa ifJ'C,D2riO)) 

Here cq > 0 can be chosen smaller again, such that for any 0 < /i < 1 and any xo G M, we 
can assume that 

1 


(3.4) 


:f y^ < f dv, 


9 xq ,pb 


<2 


jn + l 


^'’'iVwp dxdy. 


where uGW ’ (K++\ ^'^), supp(m) C Px^A^) = M AAxoiyz)) and AaA^) = 


{^xo9){^^)- ^ such that supp(w) C ^2/i-iro(0); can also assume that 


I dx < 




/R^ 


M dar < 2 


I dx. 


where hxo,fj.ix) = {piA) Ax). 


Let 77 G ) be a cutoff function satisfying 

0 < y < 1, 

i) = 1 in 5 + 4 ( 0 ), 


(3.5) 


Then we set fja{z) = p^o ^^az). 


p = 0 inRA XKAA- 


Claim 2. {yaMajaeN is uniformly bounded in VF^’^(]R"+^,y^ ^'>'). 

Proof. Note that 

/ Pa”^'^|V(yafia)lL + / pA‘^~^ (AUa)^ dVg^ 

./r"+^ jr;;:+i 

</ pl~^^ANA\l,,.+fil)uldVg^+2 f AA^'^vll'^'dAg^dv-g^ 

JR”+1 JR"+1 

<C [ p^-^-'A^dvg + C f p^-^''\VuXdvg<C, 

Jx Jx 

since {wajaGN is uniformly bounded in W^-'^{X, p^~'^'^). Combining this with (13.4F we obtain 
that {yaMajaGN IS Uniformly bounded in LF^’^(R"+^,y^“^'>'), as desired. □ 

Due to the weak compactness of PF^’^(R"+^, y^”^'*'), there exists some u in fF^’^(R"+^, y^”^'*') 
such that fjaU-a u in VF^’^(R"+^, y^“^'>') as a —>■ + 00 . 
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Step 3. The weak convergence is in fact strong via £-regularity estimates. 

Claim 3. There exists ei = £ 1 ( 7 , n) G (0,£o) such that for any 0 < r < ro/ 8 , we have 
fjaUa u in lT^’^(i3^(0), as a ^ + 00 . 

Proof. Given r sufficiently small, to be determined later, for any zq G let G C^{Bf (zo))n 

^r, 2 (]^n+r^yi- 27 )^ Let ipa{z) = for z G ip^^{B+{zo)). Since {«„} satis¬ 

fies the asymptotic equation (I2.10|) . then we have 


/ 


‘^^{^Ua,yifa)gdVg 

[ (Ma V)^”^'^(V(i7aMa), dVg^ 

JB+(zn) 


VxaiVcBf (zq)) 

B+{zo) 


Here we need |zo| + ?' < since = 1 in BI' _i (0) by (13.51) . 

1 / 'f'O 

It is easy to check that —?• y as a —)• -l-oo since \d{p~^p)\g^ = 1 on R" and ga —>• 

(|da;p -I- dy^). Then we have the asymptotic equation 

(3.6) - div(y^“^^V(yaMa)) = 0 ( 1 ) in H+(zo)- 
Since fjaUa ^ u weakly in kk^’^(R"'''^, y^“^^), we simultaneously get that 

(3.7) - div(yi-2^VM) = 0 in H+(zo). 

Now let fj G lT^’^(i?+(zo),y^~^^)- Then multiplying both sides of equation (13.61) by if and 
integrating by parts, we get 


(3.8) 


limy^ ^'^dy{fjaUo:)ipd<7~^ 

d'B+(zo) 


o(l)ll'0llu/i.2(B+(zo).yi-2^) “ 

+ 1 y^~'^'^{'^{VaUa),Vljj)g^dVg^. 

Jb+(zo) 

On the other hand, using (I2.10p and (I2.11L and the definition of fja, we have 

[ {V{f]aUa),V'lf)g^dv~g^ 

Jb+(zo) 

= I {VUa,'^'lpa)g dVg 

dvxo,iUc,Bf(zo)) 

= - lira p^~'^'^{dpUa)'tpa daf^ +o{l)\\'ipa\\wr 2 (^x,p^-^^) 

J M 


(3.9) 


= / \Ua\ dcT/, + 0(l)||r/>a||wi.2(X,pi-2T) 


IM 


IVaUal'^ {flaUa)i’da-y^ + o(l) ||'(/'a || rVUS (x.pi- 27 ). 


h'B+izo) 


Since \\'f’\\w^.^{B+{zo),y^-'^~i) = ll^a||wi. 2 (x.pi- 27 ), combining expressions (13.81) and (13.91) then we 
have 

o(l)IIV^IIrvi,2(B+(^o).yi-^r) = / ^ \imy^-‘^^dy{fjc,Uc,)fjda~^ 

Jd'B+(z„)y^° 


d'B+{zo) '■ 

+ / \fjaUaf ~‘^{f]aUa)i>day^ , 

Jd'B+{zo) 








19 


i.e. 


- lim dy{fiaUa) = \flaUa\^ ^ (?7aMa) + o(l) On d'B^{zo). 

y-^0 


Meanwhile, since fjaUo 
that 


^ u weakly in W the same argument as above gives 

— lim = 1^1^ on 9'i3^(zo). 

y ->0 


If we denote by 


Ta := |77o 


\fjaUa) - 


- ^1 (^Va'^a 


then 

(3.10) 


-div(yi ^'^V{fjaUa - u)) = o{l) in B+{zo), 


- lim J/^ ‘^'*dy{fjaUa - u) = \fjaUa - u\'^ (rjaUa - u) + T a + o{l) On 5'B+(zo). 

y-^0 

We have proved in (13.311 that for any r > 0 and ei G (0,eo), there exists a sequence {/TajaeN 
such that, if l^^ol + ?' < ?'o < /^Q ^?’ 0 ; it holds that 

[ \uo,\^ dx < 

Jd'Bt{zo) ^ 

Therefore we can also choose small r G (0, and |zo| < 2r such that 

/ \flaUa — up dx < El- 

Jd’B+(zo) 

We claim that Tq, = o(l) in the sense that for any (jj G W^’^(1R!(~'“^, we have 

/ \^a<l)\dcr-^ = o{l)\\(j)\\^ 2 -rg,B+(,o)) aS O -5> + 00 . 

Ja'B+{zo) 

We can use the same arguments as in the proof of Lemma 12.121 to show this claim. 

Then by Lemma 12.141 with e = Ei and Prposition 12.61 we can prove that fiaUa ^ u in 
{B^ (zq) , for l^ol < 2r, then by the finite covering we can prove that fj^Ua —t u in 

lT^’^(i3^(0),for 0 < r < ro/8. 

□ 


Applying Claim 3, noting that fjaUa —)• u in W^’^(i?^(0), y^ ^'''), and that ?)„ = 1 in 
'^i/4/i^Co’ ®iace 0 < ya < 1 and r G (0,ro/8), we have 



where we used fjaUa —>■ u in (D2r(0), |dxp) as a —)• +oo by PropositionSo u 0. 
Claim 4. lima^+oo Ma = 0. 

In fact, if/T q —>• yo > 0, then fjaUa 0 in lT^’^(i3^(0), since Uq, ^ 0 in 

But u ^ 0, which is a contradiction. 

Claim 5. For any 0 < yo < 1, Ua — >■ u strongly in W^’^{B'^_i{0),y^~^^) as a ^ +oo, and u 

Mo 

is a weak solution of equation \3.1\) . 
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Proof. Let 0 < /xq < 1, by Claim 4, we know 0 < /Xq, < for a large. Then (j3.3|) holds for 
I■ 2 ^ 01 + By tho same arguments, it is easy to check that 

For a large, we have = 1 in Bff -i(0), so we have 

2 r/J.Q 

u„^xx in 

strongly as a ^ +oo. 


We finally claim that u solves the following boundary problem. 

- div(x/i-22'Vu) = 0 in R!|:+\ 


(3.11) 


— lim ^'^dyU = I 


u\^ on 


Since 0 < < 1 is arbitrary, we have Ua ^ u strongly in for any large 

i? > 0. Without loss of generality, let if G C“(R"“''^) and suppip C Bq (Rq) for some Rq > 0. 
Set 

_n-^ _ _ 

1pa{z)=ya " 

For a large enough, we have 

[ (Vila,V'lpa)gdVg= [ iVaUa) ,V'lp) g^dVg^ , 

Jx JR”+^ 


and 


I |fla| 'daf^adVg — / |x7afia| dVg^. 

J M Js." 


IM 

Note that ga —>■ \dx\^ + dy'^ in C^(i?]^(0)) as a —>■ +oo, {ixa} is a Palais-Smale sequence for 
and fjaiia — S' ?x in kF^’^(il^(0)) for any i? > 0. Then we have 

/ {Vu,V'ip) dxdy — / |up ~^u'ip dxdy = 0, 

.XR" 


which yields our desired result. 


□ 


Step 4. The Palais-Smale sequence subtracted by a bubble is still a Palais-Smale sequence. 
Define 

(312) i Wa{z) zeip,y^{B+^{0)), 

\ Wa{z) = 0, otherwise, 

where rja is a cut-off function satisfying fja = 1 in (0)) and fja = 0inM\(/?,,jB+^(0)). 

Here we have ^troi^a) = ‘Px^iB^roW)- Let Va = Ua — Wa- We claim: 

(i) ha ^ 0 in kF^’^(X, as a —>• -|-cx); 

(ii) DI(j{va) —0 in W^’^(X, as a ^ -l-oo; 

(in) If{va) = Ifiua) — E{u) + o(l) as a ^ -l-oo; 

(iv) {fialagN is also a Palais-Smale sequence for 
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The proof of these claims follows from: (i) Since Mq ^ 0 in as a —>• +oo, it 

suffices to prove Wq ^ 0 in as a —>■ +oo. First, we prove that Watpdaf^ = o(l) 

as a ^ +00 for any ip G C°°(X). Given i? > 0, then 


(3.13) 


/ Wa 1 pd(Jf^= / Wa' 4 ’daf^+ / Walpdaf^. 

IM JVi^^Rixc) JM\Tl^^Rixc) 


Note that ha{x) = {(p* h){pax). Using (13.121) we have 


/ Wa1pd(Jj^ = / fja{x)pa ^ u{p p {x))lp [x) da 

''Sij.^r(x^) Jv^^r{x^) 

n + 2 ^ r 

= Pa ^ / VaiPx^ {paX))u{x)lp{px^ {PaX)) da~^ 

JDr{ 0 ) 

n + 2 ^ r 

< C'IIV^IU“(M)/ia "" / \u{x)\dx. 

JDr{ 0 ) 


Similarly, we can deal with the second term in the right hand side of (13.131) : 


Walpda: = 


' M\'S ^^R{Xac) 

Tl-\ 

< C\\lp\\L^(^M)pa ' 

TT.-f 

< C\\lp\\L^(M)pa ' 


X)2rQ {Xa)\X) fx^R^Xa 


Wa'ip da I 




'^ 2 .o.-UO)\^fl( 0 ) 




u{x) \ dx 

\u{x)\^ dx 

\ w 
u{x)\^ dx I 


/ 


n + 27 

2 n 


Since u G (M", \dx\^) and pa —>■ 0 as a —>■ +oo, taking R large enough we get Waipdaf^ = 
o(l) as a ^ + 00 . 

Next, we will show that {Vwa,Xip)gdvg = o(l) as a —>■ +oo for any ip G C°“(X). 

Let fja{z) = fjaipx^iPaz)), Pa{z) = ppp^p{pxSPaz)). Noting that Wa = 0 in X \ ^^^^{Xa), 
then for any i? > 0 and a large, we have 


[ p^ ‘^'^{X'Wa,yip)gdVg = [ p^ ^^{Vlha,VV’) 


gdVg 


(3.14) 


= '■ II + l2- 


p^ '^"*{VWa,Xlp)gdVg + [ p^ '^'^{Vwa,'^'ip)gdv^ 


9 ^*^9 
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By Holder’s inequality and that u G we have 


h < 




p^-'^^\Vw^\ldVg 


P^-^^\V^\ldVg 


-’2ro 


Ib+ „i(0)\sJ(0) 

2 '^O^a 


Pa ^^|V(77aU)||^ 




P^-^'^lV^lldVg 


= ■■ /3a(i?), 


where 

(3.15) 


lim lim sup/3a(i?) = 0 . 

R^-\-oo cn—)-+oo 


The previous limit is estimated because u G ^'^), so we have for any a, R 

Pa '^\^(.VaU)\g^ d,Vg^ 1 < C| |m| |^i, 2 (R"+i^yl~ 27 p 


lB+ _i(0)\B+(0) 


and for any e > 0 and any a large, there exists i?o > 0 such that for i? > i?o, we have 

p^-‘^^\V'ip\ldvA <e. 


Meanwhile we have 


h < 


‘8To(^c)\25S^^(xc) 


p^ '^^\VWa\ldVg 


P^-^^\V^\ldVg 


i?/jQ 


■ R^J-ct 


= / Pa ^'^|V(77aW)|~„ dVg^ 

VB+{0) J 

= o(l), 

uniformly in i? as a —+oo. To see this, for any R > 0. 


P^-^'^lVi^fgdVg 


RfJ-a 


jBtiO) 

also in Claim 4 we have proved that 


J ^ Pa j ^ C'||l<|lwi> 2 (R"+i_yl- 27 ), 


lim Pa = 0 

a—>-+C30 


and note that '0 G W^’'^{X,p^ Since i? > 0 is arbitrary, (13.141) implies that 

[ V0)gdng = o(l) 

Jx 

as a ^ + 00 . 

(ii) For any ip G p^~'^^), the proof of (i), and Propositions 12.41 and 12.61 imply that 

DlgiWa) ■ 4’ = / P^~^^ (^U!a,yip)g dVg — / \Wa\‘^ ~‘^Wa1p daj^ ^ 0, aS a —>• +CX). 

Jx Jm 
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On the other hand, we have 


DI'^{Va) ■ i> = [ {WVa,Vll^)gdVg - [ |l)aP "^Vai^da^ 

J X JM 

= Dn{ua) ■ Ip - Dn{wc) ■ Ip - [ ^a'ipdaf^, 


where 


^a = \Ua-Wa\^ ^{Ua-Wa) + 


M 


\Wa\ Wa-\Ua\ 


Following the same argument of 0 (pp- 39-40), we can prove that 

/ d<Tj^ —>■ 0 as a —>■ -|-oo. 

JM 

Then we get that Dipjiva) —t 0 in as a —>■ -l-oo, since {walaeN is a Palais-Smale 

sequence for JJ. 

(hi) Note that Va = Ua— Wa and Wc, = 0 in X \ ^ 2 roi^a)- Given i? > 0, for a large, we have 

[ P^-^'^\XV^\ldVg 
J X 


-- [ p^ '^'^\VVa\ldVg + [ P^ ‘^'^\VUa\ldv^ 

“'stoGo) 


a^'^9 


(3.16) 




Jx\<st^ix^) 

= : /i + /2 + / 


P^-^'^\Vvc.\ldvg+ f 

J'B 

p^~‘^'^\XUa\ldVg 

p^~‘^'^\XUa\ldVg. 


P^-^^\VV^\ldVg 


/X\25+ (x,,) 


Since fjaUa —?• rt in 1F^’^(IR"+^,^'^) as a —!> -l-oo because of Claim 5, then 


h = 


<2 


p^ '^'<\V{Uc-WcP)\ldVg= f pI 2^|V(Ma-u)|| 

Jb+ iO) 

/ y^~^^\yiua — u)\^ dxdy = o{l), as a —>■-|-oo, 

Jb+{o) 


Sc 


where we have used that iya = 1 in B^{0) for a large. 
On the other hand, direct computations give that 


[ p^ = [ Pa I V ^.g 


<2 


L 


Bp -i(0)\b;(0 ) 

2 rQ^loc 


Pa-^'^lVnlL dv~g^ 

2 /^“^^|Vup dxdy = /daiR), 
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since u G and —?> 0 as a —>■ +CX), where l3a{R) is defined as in (j3.15j) . 

Hence we get that 

l2= [ p^~'^'^{\VUa\l + \VWa\l- 2(^7110, VWa)g)dVg 


i 




'^'^\VUa\ldVg+l3a{R). 


Here we have used Holder’s inequality and the fact that {ua} is uniformly in ^''') 

to get 


L 


p^ ^'*{VUa,'^Wa)gdVg = PaiR)- 
Therefore, noting that Mq —>■ u in as a —>■ +oo, we have from (13.161) that 


Jx 


lx 


^-^^\VUa\ldVg- 

/ p^-^'^\XUa\ldVg+Pa{R)+0(l) 



^^-^^\VUa\ldVg- 

[ Pa -|- /3q,(R) -|- o(l) 


Jb + {0) 

P‘^^\VUa\ldVg - 

I y^~'^'^\Vu\^ dxdy + PaiR) + o{l) 


dB+iO) 

^^-^'<\VUa\ldVg- 

f y^-^'^\Vu\^dxdy + pa{R) + o{l). 
Jr^+1 


In a similar way, we can get that 


d(jy^ = / \uc,\^ day^ - 


IM 


IM 


[ hP* 


dx + l3a{R) + o(l). 


These imply that 

Ig (Va) = I] {Ua) - E(u) + l3a{R) + o(l). 

Since i? > 0 is arbitrary, we get conclusion (iii). 

(iv) It is a direct consequence of (ii) and (iii). 


□ 


4. Proof of the main Results 

Proof of Theorem 11.31 From Remark 12.101 we have Ua in p^~‘^'^) as 

a —>■ + 00 . And Ua —>■ a.e. on M as a ^ +oo. Then > 0 on M since Ua > 0. Also 
Ua = Ua — u^ satisfies the Palais-Smale condition and 

I2{Ua)=irM-Pg'°^{u°)+0{l). 

If Mq —?> 0 in IF^’^(A, as a ^ +oo, then the theorem is proved. If Uq ^ 0 but not 

strongly in W^’^{X, p^~P) as a —)• +oo, using Lemma TS. 11 we can obtain a new Palais-Smale 
sequence {{t),}aeN satisfying 

Pg{i>i)=Pg{Ua)-E{u)+0{l). 
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Now again, either m;|,, —>• 0 in as a —>■ +cxd, in which case the theorem holds, or 

^ 0 but not strongly in as a —>■ +oo, in which case we again use Lemma [3d] 

Since {/J’“(uQ,)}QgN is uniformly bounded, after a finite number of induction steps, we get the 
last Palais-Smale sequence {u^jaeN {m > 1) with ^ /? < /3o- Then by Lemma B. 131 

we can get that u™ —0 in as a —>■ +cx). Applying Lemma [XT] in the process, 

we can get {u^}^i are solutions to (13.11) . We will prove the positivity of , j = 1, • • • ,m, in 
Lemma [4^ and the relation (5) of Theorem 1 1.31 in Lemma |4dJ 

For the regularity of we can use Lemma 15.11 and 15.21 in the Appendix. Then the proof of 
the theorem is finished. 

Lemma 4.1. For any integer k in [l,?7i], and any integer I in [0,k — 1], there exist an integer 
s and sequences C M and {X{y, > OjaeN; j = I,-- - ,s, such that df^{x’^,yl,)/is 

bounded and A^/—>■ 0 as a —)■ +oo, and for any R, R' > 0, 


(4.1) 

where 




d^h = o{l) + ec{R'), 


lim lim sup eQ,(i?') = 0, 

R'^ + OO a^ + oo 

and {Wq} is derived from the rescaling of we obtained in the above proof of Theorem \l.S\. and 
{xl^} is the i-th likely blow up points sequence. 


Proof. We prove this lemma by iteration on 1. For any integer k {1 < k < m), ii I = k — 1, 
combining the above proof of Theorem 11.31 with Lemma [3.II and ProDOsition l2.4l we have 




fe -1 


-<P* da~^ = o(l). 


SO (SID holds for s = 0. 

Suppose that dm holds for some /, 1 < Z < fc — 1, we need to show that (14.11) holds for I —1. 

Case 1 df^{x’‘^,x^) ^ 0 as a —>■ +cx). Then for any .R > 0, up to a subsequence, (x^) H 
(a^a) = 01 so we have 


daf^ < ( 

Ja 




ImLP da-^ 


< C 


pDniO) 


Wf daj^ <C 


dx. 


/R"\I>h( 0 ) 


Since i? > 0 is arbitrary and w S (R”), we get 


{yi) 


d(^h = o{l)^ as a —>■+ 00 . 


(4.2) 
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So by the induction hypothesis for I and ()4.2|) we obtain 
^ i-i 




(yZ.) i=i 


<2'*-i [ 1 

1 

Ua — Wjj 

(yZ,) 

i=l 

+ 22*-! [ 

dai 


.) 




— o(l) + €a{R')- 

Thus we have proven that (14.11) holds for / — 1. 


Case 2 0 as a ^ +oo. Let xq be sufficiently small such that for any P G M, 

a;,?/ G K" and |a;|, \y\ < xq, 

l/2\x-y\ < df^{ipp{x),ipp{y)) < 2\x - y\. 

Let xl = (/i^)-V“j(a;L)> yi = iyi)~W~UyL), then 


C (Ma) C (i^) 


(4.3) 


m C (2/^)) C . {yi) . 

-o —IT “ r- 


Given i? > 0, from Lemma IXTl Proposition [5)T] and proof of Theorem 11.31 we have 


(4.4) 




daf^=o{l). 


By the assumption for 1 < Z < fc — 1, i.e. 


combined with (14.4|) then we get that 


- ^ daf^ = o(l) + e„(i?')> 


SO using we arrive at 


do-f, = o(l) +e„(i?')> 


(4.5) / \u’^fda-,^=o{l) + e^{R'). 

Next, we consider two scenarios: first, assume d^(x(j, x^)/^^ —)► +oo as a —)■ +oo. We claim 
that d^(x(j, x^)/ 2 r(j —> +oo as a —>■ +oo. If not, then (14.51) with R large enough yields that 
y-a /—> 0 as a —>• + 00 . Moreover, 

d-hixi.xi) d-^{xl,xi) 

Mb MS Ma 

so we can choose R> Q such that (x^) D (x(j) = 0, which reduces to the previous 
case 1 and, as a consequence, dnj holds for Z — 1. 
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Second, if df^{xl^,x^)/fi^ +oo as a —)► +oo, then up to a subsequence, 
converges. Then (j4.5l) implies that —>• +oo. Set = x^^ and then 


and 


7S 




“ap* = o(l) + 


(yi) 


daf^ < 




IwiP* ddf^ 


< C 


J|2* 


/R"\nj,,(o) 


dx < €a{R'), 


which yield that 


i-i 






,k |2* 


d(jf^ = o(l) + €a{R'). 


In particular. 14.11 holds for Z — 1, as desired. The iteration process is thus completed. 
Moreover, we have also shown that for any i ^ j 

a4 , ^ 


f-^O 




+ 00 


as a ^ +00 (c.f. [I],I5],[I1]). Note that this convergence contains two kinds of bubbles: one 
case is that = 0(/r^) when a +oo, then the two blow up points are far away from each 
other. The other case is that = o(/iZ,) or = o(/x^) when a —)• +oo, then the distance of 
the two blow up point cannot be determined. Also we get that \^a/y\ 0 as a —)• +oo. □ 


Lemma 4.2. The m* (i = 0,1, • • • , m) we get in the Theorem M.tt\ are all nonnegative. 

Proof. First of all, note that > 0 in X by Proposition 12.111 So we just need to prove the 
positivity of rt* for i>l. For any k S [1, w], taking Z = 0 in Lemma l4.11 we have 

( 4 . 6 ) f d(7f^ = 0{1) + CaiR') 

where 

Ua{x) = {y'^)~'^u'"{{y’^)~^ipf^{x)), for x S (x^) 

is called a bubble. Since Ua = Ua + then for x € Dj.g/^k (0) C M", where the tq is the same 
as the one mentioned in Theoren ll.31 we have 

u^ix) = u^^{x) +u°^’^{x), 

where 

uiix) = {yi)^ua{g>^kjylx)), 

Uaix) = {ya)^Ua{g>^kJylx)), 
h°^'^{x) = {y’^^)^u°{g>,kjylx)). 

Then (j4.6l) implies that 

(4.7) [ \u^-dx = o{l) + ea{R'), 
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where Noting that 2/^)/Aia} aGN is uniformly bounded by Lemma 

14.11 therefore {y^jagN is bounded and there exists a subsequence, also denoted by {y^}, such 
that ^ y^ as a —> +oo for j = 1,..., s. Combining (021) with —>■ 0 as a ^ +oo, we 

get 

mLfUDR{0)\Y) 

as a ^ +00 for Y = {y^}j=i, so 

a.e. in R", 

since i? > 0 is arbitrary. 

Also note that 

[ \uYda-,= [ lYfda-,,, 

JDr{0) 

where h^{x) = h){y^x). Then —)• 0 as a —>• +oo and vP € (M, h) yield that 

inL2*(7^^(o),|d:z;|2) 

as a ^ + 00 , so 

a.e. in R" 

since i? > 0 is arbitrary. 

In particular, we have shown that —>• almost everywhere on M" as a —>■ +oo. Note 

that Ua is nonnegative by definition, so > 0 on R". We conclude that > 0 on R". □ 


5. Appendix 


By the standard elliptic estimates, we can prove the C°° estimates from the estimates 
by Harnack inequality. Here we give two important technique lemmas. 

Lemma 5.1. [ 8 ] Let i? > 0 and u be a weak solution of 

— div(y^“^^V'u) = 0 in B^( 0 ), 


(5.1) 


— lim y^ dyU = f{x)u + g(x)\u^ ‘^u on D 2 r{Q). 

y-i-O 


Here f and g are smooth functions on D2 r{ 0). Assume that A = \Y dx < oo. Then 

for any p > 1, there exists a constant Cp = Cij), A) such that 

sup |u|+ sup \u\<Cp\R . 

B+(0) D„(o) >- J 

Lemma 5.2. m Let a{x),b{x) G C“(L>2(0)) for some 0 < a ^ N andu G y^ 

be a weak solution of 


(5.2) 


— div(y^ ^^Vit) = 0 in H^(0), 

— lim = a(x)u + 6(a;) on 112 ( 0 ). 

y^o 


//27 + a^N, then u{-,Q) is of and 

l|u(-,0)||c27+a(Di(o)) < C'(lkllL~(B+(0)) 
where C > 0 depends only on n,'y,a and ||a||c“(D 2 (o))• 


IIC‘ 


■(D2(0))) 
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